Abstract. We study the special fiber of the integral models for Shimura varieties of Hodge type with parahoric level structure constructed by Kisin and Pappas in [21]. We show that when the group is residually split, the points in the mod p isogeny classes have the form predicted by the Langlands-Rapoport conjecture in [27] .
Introduction
An essential part of Langlands' philosophy is that the Hasse-Weil zeta function of an algebraic variety should be a product of automorphic L-functions. In [24] , [25] , [26] , Langlands outlined a program to verify this for the case of Shimura varieties, for which an essential ingredient was to obtain a description of the mod-p points of a suitable integral model for the Shimura variety. Such a conjectural description first appeared in [24] , and was later refined by [27] , [23] and [32] . To explain it, we first introduce some notations.
Let (G, X) be a Shimura datum and K p ⊂ G(Q p ) and K p ⊂ G(A p f ) compact open subgroups where A p f are the finite adeles with trivial component at p. We assume K p is a parahoric subgroup of G(Q p ). For K p sufficiently small we have the Shimura variety Sh KpK p (G, X) which is an algebraic variety over a number field E, known as the reflex field. We will mostly be considering Shimura varieties of Hodge-type in which case Sh KpK p (G, X) can be thought of as a moduli space of abelian varieties equipped with some cycles in its Betti cohomology. Let p be a prime and v|p a prime of E, then conjecturally there should exist an integral S KpK p (G, X)/O E (v) for Sh KpK p (G, X) satisfying certain good properties. When the group is unramified and K p is hyperspecial there is a characterization of such an integral model, however for general parahorics such a characterization is not known. However as long as the integral model has good local properties (more precisely, one desires that its nearby cycles are amenable to computation) and one can obtain some global information about the F q -rational points, then this is already enough for many applications such as the computation of the (semisimple) local factor of the Hasse-Weil zeta function of the Shimura variety.
We consider also the inverse limit of integral models
Then conjecturally there should be a bijection (see [27] , [32] , [7] ):
where S(φ) = lim
When S KpK p (G, X) arises as a moduli space of abelian varieties, this represents the decomposition of the special fiber into disjoint isogeny classes parametrised by φ. The individual isogeny class S(φ) breaks up into a prime to p part X p (φ) and p-power part X p (φ), and the I φ (Q) is the group of selfisogenies of any member of the isogeny class S(φ). For general G, the objects appearing are approriate group theoretic analogues of the objects described.
The bijection should satisfy compatibility conditions with respect to certain group actions on either side. For example, on S(φ) one can define an operator Φ, and this should correspond under the above bijection to the action of Frobenius on S Kp (G, X)(F p ). Using this, one obtains a completely group theoretic description of the F q points of the Shimura variety.
The first major result in this direction was obtained by Kottwitz [23] who gave a description of the F p points for PEL-type Shimura varieties (more precisely the moduli spaces he considered are actually a union of Shimura varieties, but for the application to computing the zeta function, this was not an issue). In this case, the integral models of Shimura varieties are moduli spaces of abelian varieties with extra structure, so one ends up counting such abelian varieties. Then after constructing good integral models for Shimura varieties of abelian type in [20] , Kisin proved the conjecture for these integral models. In that case the integral models are no longer moduli spaces and many new ideas were needed. In both these works, the authors worked with hyperspecial level structure at p, in particular this meant the Shimura varieties had good reduction, i.e. the integral models S KpK p (G, X) were smooth over O E (v) . In constrast, when considering arbitrary parahoric level structure, the integral models will not in general be smooth and this presents many new difficulties in proving such a result. However, if one is to get a complete description of the zeta function of the Shimura variety, then knowledge of the places of bad reduction are stil needed. Moreover, understanding the cohomology of these spaces at places of bad reduction has many other important applications, such as the local Langlands correspondences, see [11] .
We assume now that p > 2. Let (G, X) be a Shimura datum of Hodge type such that G Qp is tamely ramified, p ∤ |π 1 (G der )| and K p is a connected parahoric 1 (we will refer to these assumptions as (*)). With these assumptions Kisin and Pappas have constructed good integral models S Kp (G, X) for the Shimura varieties associated to the above data. These integral models satisfy the correct local properties, in the sense that there exists a local model diagram as in [6, §6] . The main result of this paper is then the following. Theorem 1.1. Let (G, X) be Shimura datum of Hodge type as above. We assume G Qp is residually split at p. Then the isogeny classes in S Kp (G, X)(F p ) have the form
ii) Each isogeny class contains a point x which lifts to a special point in Sh KP (G, X).
Let us first explain what we mean by an isogeny class. We assume for simplicity that K p = G(Z p ), where G is an Iwahori group scheme for the rest of the introduction. It follows from the construction of the integral models, that to each x ∈ S Kp (G, X)(F p ), one can associate an abelian variety A x with G structure. This means A x is equipped with certain tensors in itsétale and crystalline cohomologies, whose stabilizer subgroups are related to the group G. This leads to a natural notion of the isogeny class of x, which breaks up into a prime to p part and p-power part. We then obtain a decomposition of the special fiber into disjoint isogeny classes as in the conjecture, and to prove the conjecture in full one needs therefore a description of points in an individual isogeny class, and then also an enumeration of the set of all isogeny classes. In this paper we focus on the first problem. The key ingredient needed for the enumeration of the set of all isogeny classes is part ii) of the above theorem, this allows one to relate the set of isogeny classes to some data on the generic fiber where one has a good description of the points. Note that part ii) of the Theorem has been announced in [29] , here we provide a different proof more along the lines of [18, §2] . To go from the above theorem to the conjecture in full requires some technical computations involving Galois cohomology, which the author intends to return to in a future work. The above then can really be thought of as the arithmetic heart of the conjecture of [27] .
Let us now give some details about the theorem and its proof. The general strategy follows that of [18] , however there are many obstructions to adapting the proof over directly for the case of general parahorics. As was mentioned above, each isogeny class decomposes into a p-power part and a primeto-p part; describing the p-power part is the most difficult part of the problem.
To an x as above we can associate an X p (φ) which is a union of affine Deligne-Lusztig varieties (see §5.2 for the precise definition). By the construction of these integral models, one has a map
where S K ′ p (GSp(V ), S ± ) is an integral model for the Siegel Shimura variety Sh K ′ p (GSp(V ), S ± ), defined as a moduli space for abelian varieties with polarization and level structure. Using Dieudonné theory it is possible to define a natural map
one would like to show this lifts to a well-defined map
satisfying good properties, the image of the map will then be the p-power part of the isogeny class for d. This is carried out in two steps. One can show that X p (φ) has a geometric structure as a closed subscheme of the Witt vector affine flag variety of [36] and [1] . In particular there is a notion of connected components for the X p (φ). 1) Show that if i x is defined at a point of X p (φ) then it is defined on the whole connected component containing the point.
2) Show that every connected component of X p (φ) contains a point at which i x is well-defined by lifting isogenies to characteristic 0.
For part 1), one uses an argument involving deformations of p-divisible groups. The analogous argument in [18] uses Grothendieck-Messing theory, in our context this is not possible since the test rings one needs to deform to are no longer smooth. Hence we use a new argument using Zink's theory of displays.
To carry out 2), an essential part is to get a description of (or at least a bound on) the connected components of X p (φ). Such a bound is obtained in [14] . The bound obtained there is somewhat more complicated than the description for the case of hyperspecial level. This necessitates an improvement in the argument for lifting isogenies to characteristic 0. The main new innovation here is that one can move about through different Levi-subgroups of G using characteristic 0 isogenies.
Note that the bound obtained in [14] , is only good enough to carry out the argument for groups which are residually split at p. However part 1) of the argument goes through in the more general setting. This already allows us to deduce the following interesting corollary.
By construction of S Kp (G, X), we have a well-defined map
called the Newton stratification. Here µ is the inverse of the Hodge cocharacter and B(G, µ) ⊂ B(G) consists of the set of neutral acceptable σ-conjugacy classes as in [35] , it is the group theoretic analogue of the set of isomorphism classes of isocrystals satisfying Mazur's inequality. In the case G = GSp, the integral model is a moduli space for polarized abelian varieties and this map sends an abelian variety to the isomorphism class of the associated isocrystal. The following result can then be thought of as a generalization of the classical Manin's problem, which asks whether a p-divisible with Newton slopes 0,1 symmetric about 1 2 arises from an abelian variety up to isogeny. Theorem 1.2. Let (G, X) and K p satisfy the assumptions ( * ). Then δ is surjective. This is proved by verifying some of the He-Rapoport axioms for integral models of Shimura varieties in [13] . In work in progress of [29] , the authors have shown surjectivity of this map for groups which are quasi-split at p using a different method. There is an obstruction to their technique working for non quasi-split groups. In contrast, our proof works for non quasi-split groups. For this it is essential to be able to work Iwahori level. The key part is to prove non-emptiness of the minimal KottwitzRapoport stratum at Iwahori level, this shows the surjectivity at Iwahori level. This allows one to deduce the surjectivity statement for all parahoric levels by using suitable comparision maps between models with different levels. However, one major input to the proof is the non-emptiness of the basic locus, which is proved in [29] .
Let us give a brief outline of the paper. In section 2 we recall some preliminaries on Bruhat-Tits buildings and Iwahori Weyl groups associated to a p-adic group. In section 3 we recall the construction of local models of Shimura varietes in [31] and prove certain results about their embeddings into Grassmannians. In section 4 we recall the construction in [21] of the universal p-divisible group over the completion of an F p -point of the Shimura variety. We construct in Proposition 4.8 a specific lifting which will be needed in the lifting isogenies argument. Section 5 is the technical heart of the paper. We recall the bound on the connected components of affine Deligne-Lusztig varieties obtained in [14] and show that for the basic case, enough isogenies lift to characteristic 0. In section 6 we put the results together to deduce the existence of the required map from X p (φ) into the integral model when the level K p is Iwahori, this is Proposition 6.4. In section 7 we deduce the existence of good maps between Shimura varieties of different level which allows us to use the case of Iwahori level to deduce the result for other parahorics. This also verifies one of the He-Rapoport axioms for these integral models. The rest of the axioms are verified in section 8 which allows us to deduce the non-emptiness of Newton strata. Finally in section 9 we prove part ii) of the main theorem.
Acknowledgements: It is a pleasure to thank my advisor Mark Kisin for suggesting this problem to me and for his constant encouragement. I would also like to thank George Boxer, Xuhua He, Erick Knight, Chao Li, Tom Lovering, Anand Patel, Ananth Shankar, Xinwen Zhu and Yihang Zhu for useful discussions.
Preliminaries
Let p > 2 be a prime. Let F be a p-adic field with ring of integers O F and residue field F q . Let L be the completion of the maximal unramified extension F ur of F and O L its ring of integers. Fix an algebraic closure F of F and let Γ := Gal(F /F ). We also write I for the absolute Galois group of L which can be identified with the inertia subgroup Gal(F /F ur ) of Γ. We let σ ∈ Gal(F ur /F ) denote the Frobenius automorphism which extends by continuity to an automorphism of L.
Let G be a connected reductive group over F . We assume G splits over a tamely ramified extension of F . Let B(G, F ) be the (extended) Bruhat-Tits building of G(F ). For any x ∈ B(G, F ), there is a smooth affine group scheme G x over O F such that G x (O F ) can be identified with the stabililzer of x in G(F ). The connected component G • x of G x is the parahoric group scheme associated to x. We can also consider the corresponding objects over L.
is the Kottwitz homomorphism, cf. [9, Prop. 3 and Remarks 4 and 11]. Thus if
When G is unramified or semi-simple and simply connected, every parahoric is connected.
Let S ⊂ G be a maximal L-split torus defined over F and T its centralizer. Since G is quasi-split over L by Steinberg's theorem, T is a maximal torus of G. Let a denote a σ-invariant alcove in the apartment V associated to S. The relative Weyl group W 0 and the Iwahori Weyl group are defined as
where N is the normalizer of T and T 0 is the connected Neron model for T . These are related by an exact sequence
For an element λ ∈ X * (T ) I we write t λ for the corresponding element in W , such elements will be called translation elements. Let S denote the simple reflections in the walls of a. We let W a denote the affine Weyl group, it is the subgroup of W generated by the reflections in S. W a has the structure of a coxeter group and hence a notion of length and Bruhat order which extends to W in the natural way. The Iwahori Weyl group and affine Weyl group are related via the following exact sequence.
The choice of a induces a splitting of this exact sequence and π 1 (G) I can be identified with the subgroup Ω ⊂ W consisting of length 0 elements. Now let {µ} be a geometric conjugacy class of homomorphisms of G m into G. Let µ denote the image in X * (T ) I of a dominant (with respect to some choice of Borel defined over L) representative of µ ∈ X * (T ) of {µ}. The µ-admissible set (cf. [32, §3] )is defined to be Adm({µ}) = {w ∈ W |w ≤ t x(µ) for some x ∈ W 0 } Note the admissible set has a unique minimal element denoted τ {µ} ; it is the unique element of Adm({µ}) ∩ Ω. Now let K ⊂ S be a σ-stable subset and let W K denote the subgroup of W generated by K. If W K is finite, then the fixed points of K determines a parahoric subgroup G which is defined over O F . We then set Adm K ({µ}) to be the image of Adm({µ}) in W K \W/W K . This subset only depends on the parahoric G and not on the choice of alcove a. We sometimes write Adm G K ({µ}) if we want to specify the group G we are working with.
We have the Iwahori decomposition. For w ∈ W , we writeẇ for a lift of w to N (L). Then the map w →ẇ induces a bijection:
Finally we recall the definition and some properties of σ-straight elements. The Frobenius σ induces an action on W and W a which preserves S. Definition 2.1. We say an element w is σ-straight if nl(w) = l(wσ(w) . . . σ n−1 (w)) for all n ∈ N.
For w, w ′ ∈ W and s ∈ S we write w ∼ s w ′ if w ′ = swσ(s) and l(w) = l(swσ(s)). We write w ∼ w ′ if these exists a sequence w = w 1 , . . . , w n ∈ W , s 1 , . . . , s n−1 ∈ S and τ ∈ Ω such that w i ∼ si w i+1 for all i and we have τ −1 w n σ(τ ) = w ′ . We have the following which is [16, Theorem 3.9] .
Theorem 2.2. Let w, w ′ ∈ W be straight elements such that there exists x ∈ W with xwσ(x) = w ′ . Then w ∼ w ′ .
We will also need the following property of the Iwahori double coset corresponding to straight elements. 
3. Local models of Shimura varieties 3.1. In this section we recall the construction of the local models of Shimura varieties and prove certain results concerning their embeddings into Grassmannians. Let F denote a finite unramified extension of Q p and L/F the completion of the maximal unramified extension of F . We write k for the residue field of O L . We start with a triple (G, G, {µ}) where:
• G is a connected reductive group over F which splits over a tamely ramified extension of F .
• G is a connected parahoric group scheme associated to a point x ∈ B(G, F )
• {µ} is a conjugacy class of minuscule geometric cocharacters of G. We will only need the case when G is quasi split, so for the rest of this section we will make this assumption. We also assume G is the parahoric group scheme associated to a subset K ⊂ S.
Let E be the field of definition of the conjugacy class {µ}. In [31] there is a construction of a reductive group scheme
There is also the construction of a smooth affine group scheme G over O F [u] which specialises to G under the map
Using these groups, there is constructed the global affine Grassmanian Gr G,X over X := Spec(O F [u]) which, under the base change O F [u] → F given by u → p, can be identified with the affine Grassmanian Gr G,F for G. Recall Gr G,F is the ind-scheme which represents the fpqc sheaf associated to the functor on F -algebras R → G(R((t))/G(R [[t] ]) (the identification is given by t = u − p).
Let P µ −1 be the parabolic corresponding to µ −1 (we use the convention that the parabolic P ν defined by a cocharacter ν has Lie algebra consisting of the subspace of the Lie algebra of G where ν acts by weights ≥ 0). The homogeneous space G Q p /P µ −1 has a canonical model X µ defined over E.
We may consider µ as a Q p ((t))-point µ(t) of G which gives a Q p point of Gr G,F . As µ is minuscule, is normal, the geometric special fibre is reduced and admits a stratification by locally closed smooth strata; the closure of each stratum is normal and Cohen-Macaulay.
This theorem is proved by identifying the geometric special fiber with an explicit subscheme of the partial affine flag variety
. This is an ind-scheme which represents the fpqc sheaf associated to the functor
By [31, §3.a.1], there is an identification of Iwahori Weyl groups for G and G k((t)) . Thus for
and S w its closure. C w and S w are respectively known as the Schubert cell and Schubert variety corresponding to w. Then by [31, Theorem 8.3] we have an identification
Example 3.3. Let G = GL n and we let µ is the cocharacter a → diag(a (r) , 1 (n−r) ). Let e 1 , . . . , e n be the standard basis for F n , and GL the Iwahori subgroup which is the stabilizer of the standard lattice chain
where Λ i := span pe 1 , . . . , pe i , e i+1 , . . . , e n
The local model in this case agrees with that considered in [33] , as mentioned in [31, §6.b.1] . In this case there is the following description. Given an O F -scheme S, we let M loc GL (S) denote the set of isomorphism classes of commutative diagrams:
where Λ i,S := Λ i ⊗ OF S and F i is a locally free O S module of rank r and F i → Λ i,S is an inclusion which locally on S is a direct summand of Λ i,S . Let us explain how this description is related to the M loc GL considered by [31] and which was described in the last section. We use the following convention for a filtration defined by a cocharacter. Let V be a finite dimensional vector space over F or a finite free O F -module. Then a cocharacter µ : G m → GL(V ) induces a grading V = i∈Z V i where G m acts on V i by the character z → z i . It induces the filtration on V given by F i := j≥i V j . The stabilizer of this filtration is given by the parabolic subgroup P µ ⊂ GL n associated to µ.
From the description of M loc GL above, its generic fiber can be identified with the homogeneous space GL n /P µ . Indeed when p is inverted, all the Λ i coincide and the choice of F 0 ⊂ Λ 0,F determines the other F i .
This implies that in the construction of the local model M loc GL , we must therefore take the defining cocharacter to be µ −1 . In this case the stabilizer of the point of
n where Λ ′ i := span te 1 , . . . , te i , e i+1 , . . . , e n . We may identify the special fibers of Λ i and Λ 
) via the scalar matrices). The same consideration apply when considering parahorics of GL n which contain the standard Iwahori. These parahorics are the stabilizers of subchains of the standard lattice chain considered in the example.
3.2. Let ρ : G → GL 2n be a closed group scheme immersion over F such that ρ• µ is in the conjugacy class of the minuscule cocharacter a → diag(1 (n) , (a −1 ) (n) ). Suppose also that ρ satisfies the following conditions:
• ρ extends to a closed group scheme immersion
is a smooth group scheme P ′ whose identity component can be idenitified with
Then it is shown in [31, Proposition 7.1] that extending torsors along G → GL(W • ) induces a closed immersion:
where GL is the parahoric subgroup of GL 2n corresponding to the lattice chain W • ⊗ Zp[u] O F . We will need a more explicit description of this map on the level of k points which we now explain.
3.3. Let ρ : G → GSp(V ) be a local Hodge embedding in the sense of [21, §2.3] , in particular we assume G contains the scalars in GL(V ). As explained in [21, 2.3.7] , there is an embedding G → GL(W • ) satisfying the above conditions and hence an embedding of local models. Base changing to O L [u ± ] we obtain an embedding G → GL(Λ) where Λ is a free module over O L [u ± ] and is the common generic fibre of W • . The fiber over L of this embeddding is given by ρ and we denote the fibers over κ((u)), where κ = k, L, by ρ κ((u)) . As shown in [21, §1.2], these maps induce embeddings
These embeddings satisfy the following property: There is a choice of a maximal O L [u ± ] split torus S of G and a choice of basis b for Λ such that the above embeddings of buildings induce embeddings of the corresponding apartments
The choice of b determines an isomorphism of GL(Λ) with GL 2n and S ′ is the diagonal torus of GL 2n . The choice of S and b also give identifications
Moreover there is an identification of Iwahori Weyl groups for the different groups over the fields L and κ((u)) and the identification of apartments is compatible with the actions of these groups, see [31, §3.a.1]. The maps (3.3.1) and (3.3.2) are compatible with these identifications. Let x ∈ A(G, S, L) be a point corresponding to the parahoric G over O L (S can always be chosen in this way) and let x κ((u)) ∈ A(G κ((u)) , S κ((u)) , κ((u))) be the corresponding points. Then the group scheme G κ[ [u] ] is identified with the parahoric group scheme corresponding to x κ((u)) . The images of x (resp. x κ((u)) ) under the above embeddings to the buildings for GL n give points y (resp. y κ((u)) ) whose corresponding parahoric GL (resp. GL κ [[u]] ) is the stabilizer of the base change of W • to L (resp. κ((u))).
The image of the alcove a under the embedding of apartments
is contained in (the closure of) an alcove in the apartment for GL 2n . We fix such an alcove and let S ′ denote the corresponding set of simple reflections. Then GL corresponds to a subset K ′ ⊂ S ′ and we may apply the constructions in §2 to GL to obtain Adm
where W ′ denotes the Iwahori subgroup for GL n and {µ} GL2n denotes the GL 2n -conjugacy class of cocharacters induced by {µ}.
We identify
]) with the union over the Schubert varieties S w where w ∈ Adm K ({µ}). Similarly
is the union of the Schubert varieties S
On the level of k points the embeddings
On the other hand, the choice of basis b gives an embedding 
The embedding is then given by g ′ → g. We may thus use (3.
whereẇ denotes a representative of w in G(L) (see for example, [7, §11] ). Then this identification is equivariant for the action of GL(k), where GL(k) acts on (3.4.2) by left multiplication. Indeed since µ is minuscule, left multiplication by GL(O L ) factors through GL(k).
3.5. Recall we have assumed G ⊂ GL(V ) contains the scalars. We let λ : G m → G denote the cocharacter giving scalar multiplication.
is equipped with an action by G × OF O E and M loc GL with an action of GL. Over the special fiber this action is identified with the one given by left multiplication by
, which as above, factors through G(k). Thus, modifying g by g 1 on the left, we may assume g =ẇ.
Since the embedding of apartments (3.1) and (3.2) over L and k((u)) is compatible with the identification of apartments
respecting the action of Iwahori Weyl groups, we see that ρ(g) corresponds to the point
Proof. This follows from Proposition 3.4 and the description of
3.6. As explained in [21, 2.3 .15], we may compose ρ : G → GSp(V, Ψ) with a diagonal embedding to obtain a new minuscule Hodge embedding ρ
′ and the above embedding of buildings takes x to the hyperspecial point
Zp is contructed by taking the direct sum of the lattices in the lattice chain corresponding to GL. Then ρ ′ factors through a diagonal embedding
. In this case we obtain an embedding of local models:
Choosing a basis b as above, we obtain an embedding
where
whose apartment contains the hyperspecial vertex corresponding to GL ′ .
). This follows by the equality Adm({µ}) = Perm({µ}) for general linear groups, see [8] . Since GL ′ is hyperspecial, Adm
) is just the one coset corresponding to t µ , hence the result follow from Corollary 3.5.
p-divisible groups
In this section we review the theory of S-modules and their applications to deformation theory of p-divisible groups equipped with a collection of crystalline tensors. The main result is the construction of a certain deformation of such a p-divisible group in Proposition 4.8 which is needed in the arguments of §5. 
We now let
Fix a uniformizer π for K and let E(u) be the Eisenstein polynomial which is the minimal poly-
, we equip this with a lift ϕ of Frobenius given by the usual Frobenius on O L and u → u p . We write D × for the scheme SpecS with its closed point removed. Let Mod ϕ S denote the category of finite free S modules M equipped with ϕ-linear isomorphism:
Let BT ϕ denote the subcategory of Mod ϕ S consisting of M, such that 1 ⊗ ϕ maps ϕ * (M) into M and whose cokernel is killed by E(u).
Given M ∈ Mod ϕ S we equip ϕ * (M) with the filtration:
Let O E denote the p-adic completion of S (p) ; it is a discrete valuation ring with uniformiser p and residue field k((u)) and let E denote its fraction field. We equip O E with the unique Frobenius ϕ which extends that on S, and let Mod ϕ OE denote the category of finite free O E -modules M equipped with a Frobenius semilinear isomorphism:
There is a functor Mod 
which is compatible with the formation of symmetric and exterior products and is such that
the first being compatible with ϕ and the second being compatible with filtrations.
ii) There is a canonical isomorphism
For an R-module M , we let M ⊗ denote the direct sum of all R-modules obtained from M by taking duals, tensor products, symmetric and exterior products.
Let Λ ∈ Rep
• cris and suppose s α,ét ∈ Λ ⊗ are a collection of Γ K -invariant tensors whose stabilizer is a smooth group scheme G over Z p with reductive generic fiber G. Since the s α,ét are Γ K -invariant, we obtain a representation:
We may think of each s α,ét as a morphism in Rep Proposition 4.2. Suppose that the special fiber of G is connected and
Proof. This is a special case of [21, 3.3.5] , indeed with our assumptions, G = G
• .
4.3.
For a p-divisible group G over a scheme where p is locally nilpotent we write D(G ) for its contravariant Dieudonné crystal. For G a p-divisible group over O K , we let T p G be the Tate module of G and T p G ∨ the linear dual of T p G . We will apply the above to Λ = T p G ∨ . Let R be a complete local ring with maximal ideal m and residue field k. We let W (R) denote the Witt vectors of R. Recall [37] we have a subring
with w i ∈ m and w i → 0 in the m-adic topology. Then W (R) is preserved by the Frobenius ϕ on W (R) and we write V for the Verschiebung. We have
Recall the following definition from [37] .
is a ϕ semi-linear map whose image generates M as a W (R) module and which satisfies
naturally has the structure of a Dieudonné display, and by the main result of [37] the functor G → D(G )( W (R)) is an anti-equivalence of categories between p-divisible groups over R and Dieudonné displays over R.
If
where M = M(T p G ∨ ) and the tensor product is over the map given by composing the map S →
respects filtrations and we have a canonical identification
denote the ϕ-invariant tensors corresponding to s α,ét under the p-adic comparison isomorphism. We assume from now on that the stabilizer of s α,ét is of the form G x for x ∈ B(G, Q p ), where G is a tamely ramified reductive group containing no factors of type E 8 . The following is [21, 3.3 .8]
, and there exists an isomorphism:
takings α to s α,ét . In particular, there is an isomorphism
We assume that the stabilizer G OL of the s α,0 is a connected Bruhat-Tits parahoric group scheme, i.e. G OL = G x = G • x for some x ∈ B(G, L) as above and also that G contains the scalars.
Let P ⊂ GL(D) be a parabolic subgroup lifting the parabolic P 0 corresponding to the filtration on D(G 0 )(k). Write M loc = GL(D)/P and SpfA =M loc the completion at the identity. We write 
⊗ such that the following two conditions hold:
Remark 4.6. It can be checked from the construction in [21] , that the notion of (G OL , µ y ) adapted liftings only depends on the G conjugacy class of µ y and the specialization of the filtration induced by µ y . Proposition 4.7. Let SpfA denote the versal deformation space of G 0 . Then there is a versal quotient
Proof. This is [21, Prop. 3.2.17] . Indeed it is clear from their construction that the p-divisible group G ̟ induced by a map ̟ : A G → K is (G, µ y ) adapted. Then Proposition 3.2.17 in loc. cit. provides the converse.
Now assume there is a
We assume G is of the form G x for some x ∈ B(G, Q p ). Since the s α,0 are ϕ-invariant, we have ϕ is of the form bσ for some b ∈ G(L).
Under these assumptions one can make the following construction of a certain (G OL , µ y )-adapted lift, which will be needed in §5 for the reduction to Levi subgroups argument Proposition 4.8. There exists a (G OL , µ y )-adapted deformation of G such that s α,0 ∈ D ⊗ correspond to tensors s α,ét ∈ T p G ∨ and such that there exists an isomorphism:
. By [21, Lemma 3.2.6], F is a free S module and s α,0 ∈ F , moreover the scheme Isom sα,0,S (F, σ * (M)) of S-isomorphisms which respect the s α,0 is a G torsor. The Frobenius ϕ on D induces a map
Here D 1 is the preimage of the filtration on D(G 0 )(k), the first arrow is given by σ −1 (b/p) and the second isomorphism is induced by the identity on U . The specialization of F at u = 0 is identified with D 1 , then since G contains the scalars, σ −1 (b/p) preserves s α,0 and hence corresponds to a point Isom sα,0,S (F, σ * (M))(W ). By smoothness of G, this lifts to an isomorphism
where the last map is induced from the identity on U , gives M the structure of an element of BT ϕ such that ϕ * (M/uM) is identified with D, and hence corresponds to a p-divisible group
Moreover under this isomorphism, the filtration on D ⊗ OL K is given by µ y . The natural isomorphism 
be the isomorphism scheme taking s α,ét to s α,0 . By construction we have an
and this isomorphism takes s α,ét tos α . Thus there is an isomorphism
is faithfully flat, P is a G torsor which is necessarily trivial since G is smooth and O L is strictly henselian.
Affine Deligne Luzstig varieties
This section forms the main part of the local argument for the description of the isogeny classes. It is used for the argument in §6 of lifting isogenies to characteristic 0. An essential part is a bound on the connected components of affine Deligne-Lusztig varieties obtained in [14] , which is recalled here. 5.1. Let G be a reductive group over Q p which splits over a tamely ramified extension. Recall S is a maximal L split torus defined over Q p and T its centralizer. We have fixed a σ-invariant alcove in the apartment corresponding to S which induces a length function and ordering on the affine Weyl group W a and hence on the Iwahori Weyl group W . We also fix a special vertex s (not necessarily σ-invariant) which determines a Borel B of G defined over L.
Let b ∈ G(L), we denote by [b] = {g −1 bσ(g)|g ∈ G(L)} its σ-conjugacy class. Let B(G) be the set of σ-conjugacy classes of G(F ). We let ν be the Newton map:
where X * (T ) + I,Q is the intersection of X * (T ) I ⊗ Z Q with the dominant chamber determined by B. We let
5.2. Let K ⊂ S be a σ-invariant subset and W K the group generated by the reflection in K. Let G denote the associated parahoric group scheme over Z p . For b ∈ G(L) and w ∈ W K \W/W K we have the affine Deligne-Lusztig variety
It is known that X K,w (b) has the structure of a perfect scheme over k, for example by [1] (see also [36] ). When K = ∅ and G is an Iwahori subgroup, we write X w (b) for the corresponding affine Deligne-Lusztig variety. Let {µ} be a geometric conjugacy class of cocharacters for G and let µ be the image in X * (T ) I of a dominant representative µ in X * (T ). Recall we have associated to this data the µ-admissible set
As before, when G is the Iwahori subgroup we write X({µ}, b) for this union of affine Deligne-Lusztig varieties. For notational convenience will also consider the unions
It can be identified with the set X({σ
We recall the definition of the neutral acceptable set B(G, {µ}) in [35] . For λ, λ ′ ∈ X * (T ) ⊗ Z Q be dominant, we write λ ≤ λ ′ if λ ′ − λ is a non-negative rational linear combination of positive coroots. Set
where µ ♮ is the common image of µ ∈ {µ} in π 1 (G) Γ , and µ denotes the Galois average of µ ∈ X * (T ) with respect to the L-action of σ on X * (T ) + I,Q .
5.3. The following result on the non-emptiness pattern of the X({µ}, b) K was conjectured by Kottwitz and Rapoport in [22] and proved by He in [12] .
We will need the following two results which is proved in [14] .
If µ is not central, then the Kottwitz homomorphism induces an isomorphism:
and if µ is central, X({µ}, b) is discrete and we have a bijection
Now assume G is residually split. To any straight element w one may associate a vector ν w ∈ X * (T ) I,Q , its non-dominant Newton vector. Explicitly, we let n be sufficiently large such that wσ(w) . . . σ n−1 (w) = t λ with λ ∈ X * (T ) I and we define
We have an associated semistandard Levi subgroup M νw which is generated by T and the roots subgroups U a such that a, ν w = 0. The alcove a determines an alcove for B(M, Q p ) and hence an 
which induces a surjection w∈W,w a straight element withẇ∈ [b] π
Here {λ w } Mν w is a certain M νw conjugacy class of cocharacters of M νw which maps to {µ}.
Now let
Assume also that the stabilizer G ⊂ GL(U ) of these tensors is a connected parahoric group scheme corresponding to K ⊂ S. Then we have an isomorphism
module, the scheme of isomorphisms U ′ ∼ − → U taking s α,0 to s α,0 is G torsor, which is necessarily trivial since G is smooth and has connected special fiber. Let G denote the generic fibre of G which is reductive group over Q p .
Since the s α,0 are ϕ invariant, we can write ϕ = bσ for some b ∈ G(L), and the choice is independent of the choice of U up to σ-conjugation by an element of G(O L ). We pick a filtration on
This filtration is defined by a G-valued cocharacter µ y and we have the embedding of local models
Let K/L be a finite extension. By Proposition 4.8, there exists a (G OL , µ y ) adapted lifting G such that if s α,ét ∈ T p G ∨ ⊗ Q p denotes the tensors corresponding to s α,0 under the p-adic comparison isomorphism, then we have s α,ét ∈ T p G ∨ and we have an isomorphism
taking s α,ét tos α , which induces an isomorphism
taking s α,ét to s α,0 . As in §4,s α denotes the functor M applied to s α,ét .
Now suppose
, we may extend the tensors s α,0 ∈ U ⊗ to ϕ-invariant tensors t β,0 whose stabilizer is M. We make the following assumption:
Now by Proposition 4.5, there exists a (M, µ y ′ )-adapted lifting G of G 0 such that there is an isomorphism
such that if t α,ét denotes the tensors corresponding to t α,0 under the p-adic comparison isomorphism, then t α,ét ∈ T p G ∨,⊗ and the above map takes t α,ét tot α . In
Proposition 5.4. i)g can be taken to be in G(S[1/p]) under the above identification
Proof. i) Since s α,ét are fixed by G(Q p ), we have s α,ét ∈ T p G ′∨⊗ , and we have the stabiliser of s α,ét in T p G ′∨⊗ is a parahoric subgroup of G. Thus by Proposition 3.2. there is an isomorphism:
we haveg is given by the composition:
where the sα −→, tα − → means that map preserves tensors of that type. Thus the composition preserves, s α and we haveg ∈ G(S[1/p]).
ii) Over O E ur there are canonical identifications:
the first one taking t α,ét tot α and the second taking s α,ét tos α . Thus, if we identify T p G ∨ with T p G ′∨ via g, these isomorphisms differ from the ones above by elements of M(O E ur ) and G(O E ur ) respectively. Sinceg is identified with the map:
We will apply the above Proposition in the cases M ⊂ G is a Levi subgroup or if we are in the situation of Proposition 5.7.
Using the canonical identification
Proposition 5.5. The association g → g 0 induces a well-defined map.
Remark 5.6. g 0 and b ∈ G(L) both depend on the choice of the isomorphism 5.5.1. Modifying the isomorphism by h ∈ G(O L ) conjugates g 0 by h and σ-conjugates b by h, so that (hg
In particular, the part of the Iwahori decomposition it lies in is independent of the choice of 5.5.1.
⊗ and the stabilizer of these tensors in D(G ′
We have three filtrations on D⊗ OL K: the one induced by µ y , the canonical filtration corresponding to the Galois representation 
perf point of Gr G , where Gr G is the Witt vector affine flag variety (see [36] , [1] ). For k a perfect field of characterstic p, we have
and this induces an isomorphism π 0 (Gr G ) ∼ = π 1 (G) I . In particular, κ g is a locally constant function. Let h ∈ Gr G (k((u))) be the generic point ofg, then by Proposition 5.4 ii), we have κ
Proposition 5.7. Let f : G → H be a surjection of parahoric subgroups such that the following two conditions hold:
i) The composition of f with Γ K → G factors through the center Z H of H.
ii) The connected component of the identity of f −1 (Z H ) is a parahoric subgroup of its generic fibre. Then we may choose the isomorphism 5.5.1 so that we have
Proof. We write G ′ for the connected component of the identity of f −1 (Z H ). By assumption G ′ is a parahoric subgroup of its generic fibre G ′ . Upon replacing K by a finite extension, we may assume 
, and we obtain
Since S is strictly henselian, f : G(S) → H(S) is surjective, so let m ∈ G(S) such that f (m) = hi. Thus f (phim −1 ) = 0, and we have
But this last group is just P(S[1/p]). Thusg = g(phim −1 )m ∈ gP(S[1/p])G(S), and hence
. Suppose the image of g ad under κ G ad lifts to an element of π 1 (G)
Proof. i) By [9, Lemma 5], the Kottwitz homomorphism induces an exact sequence:
Replacing g ad with g ad g −1 , we may assume κ G ad (g ad ) is trivial. By the Iwahori decomposition there exists w ad ∈ W σ ad , g 1 , g 2 ∈ G ad (Z p ) such that g ad = g 1ẇad g 2 , withẇ ad ∈ G ad (Q p ) a lift of w ad . Changing our choice of torus T with T ′ := g 1 T g −1 1 we may assume g ad =ẇ ad g 2 . Since κ G ad (g) is trivial, w ad lies in the affine Weyl group W a,ad of G ad . But the natural projection induces an isomorphism W a ∼ = W a,ad hence, w ad lifts to an element w of W σ a . Thus we may takeẇ ∈ G der (Q p ) lifting w, and the image ofẇ in G(Q p )/G(Z p ) gives the required lifting.
With the above notations we have the following Proposition 5.9. Assume b = σ(τ {µy } ). Then there exists a (G, µ y )-adapted lifting such that the map
defined above is surjective.
Proof. We let µ ad y denote the cocharacter G ad induced by µ y . Let G ad = G 1 × G 2 where µ ad y induces the trivial cocharacter of G 1 and induces a non-trivial cocharacter in every Q p -factor of G 2 . We write G 1 × G 2 for the parahoric in G ad corresponding to G. By Theorem 4.1, we have
We pick the isomorphism 5.5.1 so that the conclusion of Proposition 5.7 holds for the projection G → G 1 .
Let h ∈ X(σ({µ y }), σ(τ µy )), g ∈ G(Q p ) and h ad the image of h in π 0 (X(σ({µ ad y }), σ(τ µ ad y ))), then by Lemma 5.8 i), there exists g ad ∈ G ad (Q p ) mapping to h ad . Since κ G ad (g ad ) lifts to the element κ G (h) ∈ π 1 (G) σ I , we have by Lemma 5.8 ii) that g ad lifts to an element g ∈ G(Q p ). By Proposition 5.7 and 5.9, the image of g 0 is equal to the image of h in π 0 (X(σ({µ 6. Shimura varieties 6.1. We recall the construction of the integral models of Shimura varieties of Hodge type in [21] .
Let G be a reductive group over Q and X a conjugacy class of homomorphisms
is a Shimura datum in the sense of [4] . Let c be complex conjugation, then Res C/R (C) ∼ = (C ⊗ R C) × ∼ = C × × c * (C × ) and we write µ h for the cocharacter given by
We set w h := µ 
has the structure of an algebraic variety over C, which has a model over the reflex field E := E(G, X), which is a number field and is the field of definition of the conjugacy class of µ h . We will also consider the pro-varieties
6.2. Let V be a vector space over Q of dimension 2g equipped with an alternating bilinear form ψ, we write V R = V ⊗ Q R for an Q algebra R. Let GSp = GSp(V, ψ) denote the corresponding group of symplectic similitudes, the Siegel half space is defined to be the set of homomorphisms h : S → GSp R such that:
1) The Hodge structure on V C induced by h is of type (−1, 0), (0, −1), i.e.
2) (x, y) → ψ(x, h(i)y) is positive or negative definite on V R . For the rest of this section we assume there is an embedding of Shimura data
We sometimes write G for G Qp when there is no risk of confusion. For the rest of this section we assume the following condition holds (6.2.1) G splits over a tamely ramified extension of Q p and p ∤ |π 1 (G der )| Let G be a connected parahoric subgroup of G, i.e. G = G x = G 
gives rise to an interpretation of Sh K ′ (GSp, S ± ) as a moduli space of abelian varieties and hence an integral model over Z (p) which we now describe. We let
is a compact open. Let A be an abelian scheme of dimension 2g = dim V over a scheme T . We write
Consider the category obtained from the category of abelian varieties by tensoring the Hom groups by Z (p) , an object in this category will be called an abelian variety up to prime to p isogeny. An isomorphism in this category will be called a prime to p isogeny. Let A be an abelian variety up to prime to p isogeny and let A * be the dual abelian variety, by a weak-polarization we mean an equivalence class of quasi-isogenies λ : A → A * such that p d exactly divides deg λ and some multiple of λ is a polarization. Two such quasi-isogenies are equivalent if they differ by a multiple of Z 
For K ′p sufficiently small, A g,d,K ′ is representable by a quasi-projective scheme over Z (p) which we denote by S K ′ (GSp, S ± ). 
defined over E. The choice of embedding E → Q p determines a place v of E. Write O E,(v) for the localisation of O E at v, E the completion of E at v and O E the ring of intgers of E. We assume the residue field has q = p r elements and as before k will denote an algebraic closure of F q . We define
, and S K (G, X) to be its normalization. By construction, for K 
ii) LetÛ x be the completion of S K (G, X) − at some k-point x, there exists a point
such that the irreducible components ofÛ x are isomorphic to the completion M loc G,µ h at x ′ . Moreover S K (G, X) fits in a local model diagram:
where q is a G-torsor and π is smooth of relative dimension dim G. . Let h : A → S K (G, X) denote the pullback of the universal abelian variety on S K ′ (GSp, S ± ) and let
, where h an is the map of complex analytic spaces associated to h. We also let Similarly for a finite prime l = p, we let V l = R 1 hé t * Q l and V p = R 1 h η,ét * Z p where h η is the generic fibre of h. Using theétale-Betti comparison isomorphism, we obtain tensors s α,l ∈ V ⊗ l and s α,p ∈ V ⊗ p . For * = B, dR, l and x ∈ S Kp (G, X)(T ), we write A x for the pullback of A to x and s α, * ,x for the pullback of s α, * to x.
As in [19, 3.4.2.] , if x ∈ S Kp (G, X)(T ) corresponds to a triple (A x , λ, ǫ
which takes s α,l to s α (l = p).
Recall k is an algebraic closure of F q and L
Let G x denote the p-divisible group associated to A x and G x,0 its special fiber. Then T p G ∨ x is identified with H 1 et (A x , Z p ) and we obtain Γ K -invariant tensors s α,ét,x ∈ T p G ∨⊗ whose stabilizer can be identified with G. We may thus apply the constructions of section 3 and we obtain ϕ-invariant tensors s α,0,x ∈ D(G x,0 ) whose stabilizer group G OL can be identified with G ⊗ Zp O L . The filtration on D ⊗ OL K corresponding to G x is induced by a G-valued cocharacter conjugate to µ −1 h . By [21, Proposition 3.3.8] , there is an isomorphism: As before we let P ⊂ GL(D) be a parabolic lifting P 0 . We obtain formal local models M = SpfA G , and the filtration corresponding to µ y is given by a point y : Recall we assumed that G splits over a tamely ramified extension of 0 ) ) contains the scalars, since it contains the image of w h . Thus we may apply the construction of section 3 to the tensors s α,0,x ; we may equip SpfA with the structure of a versal deformation space for G x,0 and the subspace SpfA G is such that ̟ : A ⊗ Zp O E → K factors through A G if and only if the induced p-divisible group G ̟ is (G OL , µ y )-adapted, where G OL is the stabilizer of s α,0,x and µ y is G-conjugate to µ h −1 .
The p-divisible over U x is induced by pullback from a map U x → SpfA which is a closed immersion by the Serre-Tate theorem. Let Z ⊂ U x be the irreducible component containg x. Let x ′ ∈ Z(K ′ ), the same arguement as in [19, 2.3.5] shows that s α,0,x ′ = s α,0,x , hence we obtain one direction in ii) and x ′ ∈ SpfA G since the filtration on D ⊗ OL K ′ corresponding to G x ′ is given by a G-valued cocharacter conjugate to µ −1 h . Since this holds for all x ′ ∈ Z(K ′ ), we have Z ⊂ SpfA G and hence they are equal since they have the same dimension. We thus obtain iii) and the other implication in ii).
The previous proposition shows that the tensors s α,0,x are independent of the choice of x ∈ S Kp (G, X) lifting x, thus we denote them by s α,0,x . The following is then immediate.
′ if and only if s α,0,x = s α,0,x ′ .
6.7. We would like to show the isogeny classes in S K (G, X)(k) admit maps from X(σ({µ y }), b). We will show this when G is residually split at p and in general for the basic case. In the rest of this section we will prove the case when G is an Iwahori subgroup of G; the general case will be deduced from this in §7. We thus assume G is an Iwahori subgroup for the rest of the section. Let x ∈ S K (G, X)(k) and x ∈ S K (G, X)(K) a point lifting x. Let G OL denote the stabilizer s α,0,x . By the above G x is a (G OL , µ y )-adapted lifting of x and we have an O L -linear bijection
Since the s α,0,x are ϕ-invariant, we may write ϕ = bσ for some b ∈ G(L) which is independent of the above choices up to σ-conjugation by elements of G(O L ).
Fix S a maximal L-split torus in G with centralizer T as in section 5 so that G corresponds to an alcove in the apartment A(G, S, Q p ). As in §5.4, we have
Write µ ∈ X * (T ) for the dominant (with respect to a choice of Borel defined over L) representative of {µ y } = {µ −1 h }, and µ its image in X * (T ) I . With the notation of section 5, we have 1 ∈ X(σ({µ}), b). Recall X(σ({µ}), b) is equipped with an action Φ given by
where r is the residue degree of O E /Z p . We have
By [32, Lemma 5.1], Adm({µ}) is stable under σ r , hence Φ(g) ∈ X(σ({µ}), b) and Φ is well defined. Pick a basis for V Zp compatible with S as in section 3, this is equivalent to the choice of a maximal split torus T ′ ⊂ GL(V Zp ). By Corollary 3.6, for g ∈ X(σ({µ}), b)) we have g
Thus the Hodge polygon of the Fcrystal gD(G x ) has slopes 0,1 hence corresponds to a p-divisible group G gx which is isogenous to G x and hence to an abelian variety A gx isogenous to A x . A gx is equipped with a prime to p level structure corresponding to the one on A x . Since g(s α,0,x ) = s α,0,x , we have s α,0,x ∈ D(G gx ).
Since g ∈ GSp(L) the weak polarisation on λ x induces a weak polarisation on A gx . Thus A gx together with the extra structure gives a point of S K ′ (GSp(V ), S ± )(k) and we obtain a map
The main result of this section is the following:
Proposition 6.4. Let G be residually split or suppose b is basic. Then there exists a unique map
where Φ acts on S K (G, X)(k) via the geometric Frobenius.
The rest of this section will be devoted to the proof of Proposition 6.4. Definition 6.5. Let R be k algebra. A frame for R is a p torsion free, p-adically complete and separated O L algebra R equipped with an isomorphism R ∼ = R/pR and a lift (again denoted σ) of the the Frobenius σ on R.
Let R be as above and fix R a frame for R. We write R L for R[
If κ is any perfect field of characteristic p and s : R → κ is a map, then there is a unique σ-equivariant map R → W (κ), also denoted s. If R → R ′ is anétale map, then there exists a canonical frame R ′ of R ′ and a unique
where κ(s) is an algebraic closure of residue field k(s) of s. Note that this only depends on the image
When C = Adm({µ}) we write X({µ}, b)(R) for X C (b)(R). Similarly when C = σ(Adm({µ})) we write X(σ({µ}), b)(R).
Definition 6.6. For g 0 , g 1 ∈ X({µ}, b) and R a smooth k-algebra with connected spectrum and frame R, we say g 0 is connected to g 1 via R if there exists g ∈ X({µ}, b)(R) and two k-points s 0 , s 1 of SpecR such that s 0 (g) = g 0 and s 1 (g) = g 1 .
We write ∼ for the equivalence relation on X({µ}, b) generated by the relation g 0 ∼ g 1 if g 0 is connected to g 1 via some R as above, and we write π 6.9. Returning to the situation of Proposition 6.4, let g ∈ G(R L ) be a lift of some element of X(σ({µ y }), b)(R). By Corollary 3.6, for all s ∈ SpecR, we have
Here we have chosen a maximal split torus T ′ of GL 2g as in §3.6, then µ GL is a dominant representative of {µ y } in X * (T ′ ) and GL is the hyperspecial subgroup of GL 2g stabilizing V Zp . By [3, Lemma 2.1.4] there is anétale covering R → R ′ with canonical frame R → R ′ such that
For n ≥ 1 we write R n for the ring R considered as a R-algebra via σ n : R → R and we define R n similarly. By [20, Lemma 1.4.6], there exists n ≥ 1 and a p-divisible group G gx over R n together with a quasi isogeny
Upon relabelling R ′ n as R, we obtain an abelian variety A gx over SpecR.
Since g ∈ GSp(R L ), λ x induces a weak polarization λ gx on A gx , and A gx is also equipped with a prime to p level structure. Hence g gives a map
Proposition 6.7. Suppose there is a point x R ∈ SpecR(k) such that x * R (g) = 1. Then there is a unique lifting i R : SpecR → S K (G, X)(R) of (6.9.1) such that i * R (s α,0 ) = s α,0,x Proof. The uniqueness can be checked on k points, hence this follows from Corollary 6.3.
To show existence, we first claim (6.9.1) factors through S − K (G, X). LetR denote the completion of R at x R , since R is integral, it suffices to prove the claim forR.
Note that the filtration induced by g −1 bσ(g) gives an R point of the local model M loc GL . For all k points s : R → k, we have
By Corollary 3.6, the map SpecR → M We have a p-divisible group over k[[t]], we would like to use the map ψ to deform this p-divisible group toG over a ring in characteristic 0, such that the pullback to every O K point satisfies the condition in Definition 4.5, i.e. it is (G OL , µ y )-adapted. The ring we will deform to is
We have a map
Let us writeĝ for the image of g in G(R) and Gĝ x for the induced p-divisible group, then D(Gĝ x )(R) can be identified withĝD(G x ). We may useĝ at the image of x R , then D⊗ OL A is equipped with universal
where for any ring R with A → R, we write M 1,R for the base change
, and sincê gbσ(ĝ) preserves s α,0,x we have
By [21, Corollary 3.2.1], the scheme
] we obtain a G-torsor 
where the second map is the canonical isomorphism takes s α,0,x to itself. Since the filtration on the left is induced by the map 
and this lift is unique since S K (G, X) → S − K (G, X) is an isomorphism on the generic fibre. We write ǫ for the induced map
] is injective, in particular, the above diagram induces:
By Lemma 6.8, there exists a unique lift i R : SpecR → S K (G, X).
To show the compatibility of this map with the tensors s α,0,x , we let M denote the Dieudonné F -crystal over S Kp (G, X) k associated to the universal p-divisible group, and M[ 1 p ] the corresponding F -isocrystal. We have by [29, Corollary A.7] , there exists sections:
Thus pulling back to SpecR, we obtain
the pullback coincides with s α,0,ιR(z) . Now by construction s α,0,x ∈ D(Gĝ x )(R) ⊗ are parallel for the connection and coincide with s α,0,R at the point x R . Hence since R is integral, we have s α,0,R = s α,0,x . Lemma 6.8. Let Y be a reduced scheme and Y n it's normalization. Let X be a normal integral scheme with generic point SpecK(X). Suppose we have a diagram:
Proof. By uniqueness we may assume X = SpecR and Y = SpecS is affine, then Y n = SpecS int where S int is the integral closure of S in K(Y ) := Frac(S). Thus it suffices to show the induced map S int → K(X) factors through R. But this follows since R is integrally closed in K(X).
Proof of Proposition 6.4. By uniqueness, there is a maximal subset X(σ({µ y }, b)
• ⊂ X(σ({µ y }), b) which lifts to a map:
• is a union of connected components. Assume first that b is basic. By Theorem 5.2 i) there exists g 0 ∈ X σ(τ {µy } ) (b) ∩ X(σ({µ y }), b)
• , i.e. i x (g 0 ) lifts to a point x ′ ∈ S Kp (G, X)(k). We may apply the above construction with x replaced by
0 bσ(g 0 ), and we have a map i
which is identified with the map i x under the identification
given by h → g
taking s α,ét,x to s α,0,x compatibly with the isomorphism
We may now apply the construction of §5.
Let g ∈ G(Q p )/G(Z p ) and g 0 the corresponding element in X(σ({µ}), b) constructed in §5.6; upon replacing K by a finite extension,
. This corresponds to a quasiisogeny A ′ → A x which respect s α,ét,x and hence to a point gx ∈ Sh K (G, X)(K) which lifts i ′ x (g 0 ). Therefore g 0 ∈ X(σ({µ y }), b)
• . By Proposition 5.9, g → g 0 induces a surjection
This proves the proposition when b is basic in G. Now assume G Qp is residually split. In this case σ acts trivially on W , hence Adm({µ y }) = σ(Adm({µ y })). 
which induces a surjection
It thus suffices to show for each w ∈ Adm({µ}) straight, that each connected component of X Mν w ({λ w } Mν w ,ẇ) contains an element whose image in X({µ y }, b) lifts to S K (G, X)(k) satisfying the above properties.
Step 1 : Recall by our assumptions 1 ∈ X({µ y }, b). There exists a straight element w and g 0 ∈ X w (b) with 1 ∼ g 0 . By Proposition 4.4, i ′ x (g 0 ) lifts to a point x ′ ∈ S K (G, X)(k). As above, upon replacing
. By Theorem 2.3, we may change the isomorphism
is an Iwahori subgroup of M which is defined over Z p , we write M for the associated group scheme. Let W M denote the Iwahori Weyl group of M , then w ∈ W M and the main result of [30] 
We equip W M with the Bruhat order ≤ M induced by the Iwahori subgroup M, then w is a basic element of W M . If w = w 0 t λ for some w 0 ∈ W M,0 the relative Weyl group and λ ∈ X * (T ) I , we have t λ ∈ Adm({µ}) by [14, 7.1 b)]. By Lemma 9.3, there exists a cocharacter λ w ∈ X * (T ) which lifts λ and whose image in G conjugate to µ y . Thus since w ≤ M t λ , we have w ∈ Adm M ({λ w }). Therefore by Proposition 3.4, there is an M valued cocharacter conjugate to λ w such that the induced filtration on D ⊗ OL K specializes to the one on D(G x ) ⊗ OL k. We may thus apply the construction of §5.4.
Sinceẇ ∈ M (L), we may extend the tensors s α to tensors t α ∈ V ⊗ Zp whose stablizer is the Iwahori M. We obtain an embedding of local models M Let G denote an (M OL , λ w )-adapted lifting of G x satisfying the conditions in Proposition 4.8. Note that any (M OL , λ w )-adapted lifting is also (G OL , µ y )-adapted, hence corresponds to a point x ∈ S K (G, X)(O K ). We may thus apply the construction of §5 to G x , and we obtain a map
Sinceẇ is basic in M (L), we have by Proposition 5.9 that this induces a surjection
It follows that X({µ y }, b)
• contains the image of X Mν w ({λ w },ẇ).
Step 2 : Now suppose there exists s ∈ S such that w ′ = sws and l(w ′ ) = l(w). Assume b =ẇ for a straight element w, then w ′ is also a straight element and w ′ ∈ Adm({µ y }) by [6, Lemma 4.5] . Thuṡ s ∈ X({µ y }, b). We show thatṡ ∈ X({µ y }, b)
• . Recall G is an (M OL , λ w )-adapted lifting. We fix the isomorphism
taking t α,ét to t α,0,x . Upon replacing K by a finite extensions, we haveṡT p G corresponds to a p-
We also obtain a quasi-isogeny
Without loss of generality assume l(sw) = l(w) + 1. Since w is basic in W M , we have
perf point of F L. The above calculation shows that the generic fiber of this point lies in the the Schubert variety S w ′ ⊂ F L. Since the Schubert variety S w ′ is closed, the special fiber also lies in S w ′ . Hence we have
for some w ′′ ≤ w ′ . By Lemma 6.9 below, we have w ′ = w ′′ and s 0 ∈ X w ′ (b). As above, this implies s 0 ∈ X({µ y }, b)
• . Upon replacing x by i x (s 0 ), and applying step 1 to i x (s 0 ), we obtain
Step 3: Suppose b =ẇ is a straight element and τ ∈ Ω. Then τ wτ −1 ∈ Adm({µ}) again by [6, Lemma 4.5] . Thereforeτ ∈ X({µ}, b). As before letG be an (M OL , λ w )-adapted lifting of G x to O K and apply the construction of Proposition 5.5 toτ , we obtain an elementτ = mṡg ∈ G(S[
As in Step 2, this impliesτ 0 ∈ X τ −1 wτ (ẇ) ∩ X({µ},ẇ)
Step 4: For any two straight element w, w ′ , we have w ∼ w ′ , so that we have a sequence s 1 , . . . , s n ∈ S and straight elements w = w 0 , . . . , w n ∈ W such that w i ∼ si+1 w i+1 and τ −1 w n τ = w ′ for some τ ∈ Ω. Applying Step 2 to each w i in turn and Step 3 to w n , we see that X({µ}, b)
• contains an element of g 0 ∈ X w ′ (b). Applying Step 1 to the lift of ι(g 0 ) in S Kp (G, X)(k), we have X({µ}, b)
• contains the image of X Mν w ′ ({λ w ′ },ẇ ′ ). Hence by Theorem 5.3 X({µ}, b) • = X({µ}, b).
Lemma 6.9. Let w ∈ W be a straight element and g ∈ G(L)
Proof. By [15, §3] , there exists w ′′ ∈ W σ-straight such that l(w
. By [15, Theorem 3.7] w and w ′′ lie in the same σ-conjugacy class in W , in particular l(w ′′ ) = l(w). Thus l(w) = l(w ′ ) and since w ′ ≤ w, we have w = w ′ .
6.10. Recall the local model diagram:
This induces the Kottwitz Rapoport stratification on the geometric special fiber S Kp (G, X)) k . We write µ for a dominant representative of µ
Let x ∈ S Kp (G, X)(k) and i x : X(σ({µ}), b) → S Kp (G, X)(k) the map defined in Proposition 6.9.2 when G Qp is residually split or b is basic (here we use that µ y and µ lie in the same G conjugacy class so the associated admissible sets coincide).
Proof. Recall how the map λ is defined. Let x ∈ S Kp (G, X)(O K ) be a point lifting x. The torsor S Kp (G, X) is constructed by taking triviliazations of the relative de Rham cohomology which respects the cycles s α,dR . We have an isomoprhism
taking s α to s α,dR,x . We have the local model M We obtain a pointx
There is an isomorphism
lifting the identity modp and taking s α,dR,x to s α,0,x . Thus if we fix an isomorphism
taking s α to s α,0,x , then the pullback of the filtration on D(G x )(k) to V * Zp differs from the one above by translation by an element of G(O K ). We thus obtain a point onx ′ ∈ M loc G (k) which lies in the Schubert variety S w . Thus λ(x) can also be computed by a trivialization of
with the element g. The filtration modp on V * Zp is then induced by the element g −1 bσ(g). By the identification of apartments and Iwahori Weyl group in §3.3, this filtration corresponds to a point M loc
. Hence λ(i x (g)) = w.
6.11. Now assume G Qp is residually split or b is basic. Since S Kp (G, X) is equipped with an action of G(A p f ), i x extends to a map: 
We say x and x ′ are in the same isogeny class if there exists a quasi-isogeny A x → A x ′ respecting weak polarizations such that the induced maps
Proposition 6.12. Assume G Qp is residually split or b is basic and G is an Iwahori subgroup. Then x and x ′ lie in the same isogeny class if and only if x ′ lies in the image of
′ lie in the same isogeny class. The composition
takes s α to s α , hence upon replacing x ′ by a translate under G(A p f ), we may assume the quasi isogeny A x → A x ′ is compatible with ǫ x and ǫ x ′ .
Recall there are isomorphisms
. By the same proof as Proposition 5.5, we have g ∈ X({µ}, b) hence x ′ lies in the image of i x . The converse is clear.
Maps between Shimura varieties
In this section we show that the Shimura varieties associated to different parahorics levels admit maps between them with good properties. This will allow us to deduce the description of the isogeny classes for general parahorics from the result for Iwahori subgroups proved in the previous section. This also verifies one of the axioms of [13] for integral models of Shimura varieties with parahoric level.
7.1. We keep the notations from the previous section, so that ρ : G → GSp(V, ψ) is a hodge embedding. Let K p be a connected parahoric subgroup of G(Q p ) and let G denote the corresponding group scheme over
have corresponding facets f and f ′ , then this is equivalent to f lying in the closure of f ′ . By the construction in the previous section we have integral models S K ′ (G, X) and
ii) The induced map
is compatible with isogeny classes.
7.2. Let g be a facet in B(GSp(V Qp ), Q p ) and let GSP denote the associated parahoric. Then g corresponds to a lattice chain
′ is equipped with an alternating form ψ ′ given by the direct sum of ψ. We have the lattice
and we write GSP ′ for the associated parahoric. We have a map
which factors through the subgroup H := ′ r i=1 GSp(V, ψ) where ′ denotes the subgroup of the product
is the multiplier homomorphism. The conjugacy class of cocharacters S ± for GSp(V, ψ) gives rise to a H(R) conjugacy class of homomorphisms T from S into H R and (H, T ) is a Shimura datum. We write H p and J p for the stabilizer of the lattice Λ ′ in H(Q p ) and GSp(V ′ Qp ) respectively. We obtain a map of Shimura varieties ι :
which is a closed immersion. Here
The Shimura variety Sh HpH p (H, T ) admits a moduli interpretation over Z (p) which we will now explain. For S a Z (p) -scheme, we consider the set of tuples (A i , λ i , ǫ
..,r , where: i) A i is an abelian variety over S up to prime to isogeny. ii) λ i is polarization such that deg λ i is exactly divisible by
f is an isomorphism which takes the Riemann form on V (A i ) to a multiple of ψ on V ⊗ Q A p f . This multiple is required to be independent of i. We obtain an integral model S HpH p (H, T ) of Sh HpH p (H, T ). Proposition 7.2. For sufficiently small J p , the embedding i extends to a closed embedding
Proof. Using the moduli interpretations, we may define ι by sending (A i , λ i , ǫ
..,r ∈ S HpH p (H, T )(S) to the product A 1 × · · · × A r , together with the product polarization and level structure.
As in [19, 2.1.2], see also [4, 1, 1.5] , it suffices to show
is a closed immersion. We will show ι is proper and an injection on points, which implies the result. The injectivity follows from the moduli interpretations of the integral models.
To check properness, we apply the valuative criterion. Let R be a discrete valuation ring with fraction field K. We must show for any diagram
there exists a unique lift SpecR → S Hp (H, T ). Rephrasing in terms of the moduli interpretation, we must show for a triple (A, λ, ǫ p ) over R, such that over K this data decomposes into a product coming from (A i , λ i , ǫ i ) i=1,...,r , then the triple over R decomposes. This follows by well known properties of Neron models.
7.3. Recall we have an embedding of buildings, i : B(G, Q p ) → B(GSp(V Qp ), Q p ). Let f be a facet in B(G, Q p ) with associated connected parahoric group scheme G. Let i(f) be contained in a facet g of B(GSp(V Qp ), Q p ) corresponding to Λ 1 ⊃ · · · ⊃ Λ r . Let (H, T ) and V ′ be as above, we obtain a new embedding of Shimura datum
which factorises as
Let H p and J p be as above and let H p and J p be as in Proposotion 7.2. We obtain maps of Shimura varieties
and each of these maps are closed immersions. Recall S − KpK p (G, X) was defined to be the closure of
Lemma 7.5. Any isomorphism as above preserves the product decomposition on either side and induces an isomorphism
Proof. We may assume that among the collection of tensors t β there are tensors
for k = 1, . . . , r. Indeed this follows since
and the latter group fixes these tensors. By the functoriality of the constructions, we have
and that the isomorphism takes t β k to t β k ,0 precisely says that the isomorphism is compatible with the product decompositions.
That the induced isomorphism takes s α to s α,0 follows from the fact that π
Proof. Suppose x ′ ∈ I x , then we have the triple (A x ′ , λ x ′ , ǫ p x ′ ) corresponding to x ′ and there exists a quasi-isogeny θ : A x → A x ′ taking t β,l,x to t β,l,x ′ for l = p and t β,0,x to t β,0,x ′ . A x and A x ′ arise as products r i=1 A x,,i and r i=1 A x ′ ,,i , and as in Lemma 7.5 we may assume that there exists tensors t β k which correspond to the projections to the k component. The tensors t β k ,l, * and t β k ,0, * then correspond to the projections on the Tate module and Dieudonné modules and θ therefore respects these projections. It follows that θ decomposes decomposes as a product of quasi-isogenies
By construction π Fix the choice of maximal L-split torus S which is compatible with the choice of parahorics. We assume K ′ p corresponds to the subset K ′ ⊂ S of simple reflections. We have the affine Deligne-Lusztig varieties X({µ}, b) and X({µ}, b) K ′ associated to the parahorics K p and K
where π is a G-torsor and q is a smooth map equivariant for the action of G. It follows from [13] that δ is also surjective. Indeed it is proved in loc. cit. that for each [b] ∈ B(G, µ), there exists w ∈ Adm({µ}) σ-straight such that λ
9. Lifting to special points 9.1. In this section we show that every isogeny class in S Kp (G, X) admits a lift to a special point of Sh Kp (G, X). We assume the group G Qp is residually split, in particular it is quasi-split. The proof follows ideas from [18, §2] , the main new input for being a generalization of the so called LanglandsRapoport lemma, see [18, Lemma 2.2.2] . This allows us to associate a Kottwitz triple to each isogeny class, a key ingredient needed to enumerate the set of isogeny classes. A proof of this result has also been annouced in [17] using a different method. We first recall some notation from [18] . As before (G, X) is of Hodge type and K p = G(Z p ) is a connected parahoric subgroup corresponding to K ⊂ S, but now k ⊂ F p will denote a finite extension of the residue field
We write r for the degree of k over F p , and write W := W (k), and
9.2. For x ∈ S K (G, X)(k) we write x for the F p point associated to x. Recall we have an associated abelian variety A x together with Frobenius invariant tensors s α,l, We also fix an identification
is of the form ϕ = δσ for some δ ∈ G(K 0 ) and we γ p for the element δσ(δ) . . . σ r−1 (δ) ∈ G(K 0 ). Let I p/k denote the group over Q p whose R points are given by
Clearly I p/k ⊂ J δ . We have γ p ∈ I p/k (Q p ) and we have I p/k ⊗ Qp K 0 is identified with the centralizer of γ p in G K0 .
For n ∈ N, we write k n for the degree n extension of k, and I p/kn the group over Q p defined as above with K 0 replaced with
. I p will then denote the I p/kn for sufficiently large n. Finally we let Aut Q (A x ) denote the group over Q defined by
where End Q (A x ) denotes the set of endomorphisms of A x viewed as an abelian variety up to isogeny defined over k. We write I /k ⊂ Aut Q (A x ) for the subgroup of elements which preserve the tensors s α,l,x for l = p and s α,0,x . We obtain maps I /k → I l/k for all l (including l = p).
Similarly we write I ⊂ Aut Q (A x ⊗ F p ) for the subgroup which fixes s α,l for all l = p and s α,0,x . Again we have maps I → I l for all l.
We thus have identifications X * (T sc ) I ∼ = Q ∨ (Σ) and W K ∼ = W (Σ). The length function and Bruhat order on W is determined by W a and hence by Σ. For λ, µ ∈ X * (T ) I,+ , we write λ µ if µ − λ is a positive linear combination of positive coroots in Q ∨ (Σ) with integral coefficients. By [28, §2] 
Zp ⊗ K 0 , we may assume T ′ commutes with δ. Since Q p structure on the image of T ′ K0 in G K0 differs by the one on T ′ by conjugation by δ, we may consider T ′ as a subtorus of G. Let M denote the centralizer of T ′ in G, we have δ ∈ M (K 0 ). Let T ′ ⊂ T ′ 2 be a maximal Q p split torus in G, and T 2 it's centralizer; it is a maximal torus since G is quasi split. Then T 2 ⊂ M . Let P be a parabolic subgroup containing M with unipotent radical N . Let g ∈ X({µ}, δ) K which exists since δ ∈ B(G, {µ}). Then there exists µ 1 ∈ X * (T ) I with t µ 
hence by [10, Lemma 10.2.1] we have t λ ≤ t µ 1 ≤ t µ . By Lemma 9.3, below we have there exists a lift of λ to v 2 ∈ X * (T 2 ) which is conjugate to µ in G. Then δ ∈ B(M, {v 2 } M ) by [12] , hence v 2 has the same image as ν δ in π 1 (M ) Q . Now let µ Tp ∈ X * (T p ) be cocharacter conjugate to v 2 in M . Then since conjugate cocharacters have the same image in π 1 , we have µ Tp is defined over Q p , hence we may consider it as an element of X * (T ′ ) Q . We have σ(ν δ ) = δ −1 ν δ δ, hence ν δ is defined over Q p and we have ν δ ∈ X * (T ′ ) Q . Since T ′ ⊂ M is central, we have ν δ = µ Tp Tp .
Lemma 9.3. Let µ be a minuscule cocharacter of G and t λ ∈ X * (T ) I whose image in W K \W/W K lies in Adm({µ}) K . Then there exists a cocharacter v 2 ∈ X * (T ) lifting λ which is conjugate to µ in G.
Proof. Let λ ∈ X * (T ) I,+ denote the dominant representative of λ for our choice of Borel B. By [28, §2] , t λ ∈ Adm({µ}) K implies t µ − t λ is a positive linear combination of coroots in Σ (Recall µ is the image of a dominant representative of {µ} in X * (T )). Note that in general µ being minuscule in G does not imply µ is minuscule for the root system Σ, so that it is possible that t λ = t µ . Since Letting K/L be a finite Galois extension over which T splits, we have by definition
Since σ(λ i ), α i+1 = λ i , σ(α i+1 ) , upon replacing α i+1 by σ(α i+1 ), we may assume λ i , α i+1 > 0. By assumption λ i is minuscule hence λ i , α i+1 = 1. We set λ i+1 = s αi+1 (λ i ) = λ i − α i+1 where s αi+1 is the simple reflection corresponding to α i+1 . Then λ i+1 is minuscule since it is the Weyl conjugate of a minuscule cocharacter, and λ i+1 is a lift of λ i+1 .
Theorem 9.4. Let x ∈ S K (G, X)(k). The isogeny class of x contains a point which lifts to a special point on Sh K (G, X). Let K/L be a finite extension such that µ is defined over K, then by [33] , the filtration induced by j • µ Tp is admissible. As j • µ Tp is conjugate to µ, the filtration has weight 0, 1 hence by [19, 2.2.6], there exists a p-divisible groupG ′ over O K with special fiber G ′ , such that we have an identification
This induces a quasi-isogeny θ : G x → G ′ .
Letx ∈ S K (G, X)(O K ) be a point lifting x, s α,ét,x ∈ T p G 
which preserve s α,0,x . We may thus identify D(G ′ ) with gD(G x ) for some g ∈ G(L). As in Proposition 5.4, the filtration induced by g −1 bσ(g) is the specialization of a filtration induced by a G-valued cocharacter conjugate to µ y . Hence the filtration corresponds to point of the local model M loc G (k) and we have g −1 bσ(g) ∈ Adm({µ}), i.e. g ∈ X({µ}, b). Thus upon replacing x by i x (g) ∈ S K (G, X)(k), we may assume there is a deformationG of G x to O K , such that the coorresponding filtration on D(G ) ⊗ K is induced by µ Tp . Since µ Tp is conjugate to µ −1 h ,G corresponds to a pointx ∈ S K (G, X)(O K ) by Proposition 6.2. Thatx is a special point of Sh K (G, X) now follows from the same proof as [18, 2.2.3] . Indeed since I and I p have the same rank we may assume T p comes from a maximal torus T in I. Then T ⊂ I ⊂ Aut Q (A x ) is compatible with filtrations and hence lifts to the isogeny category. As T fixes s α,0,x , it fixes s α,p,x and hence also s α,B,x . Thus T is naturally a subgroup of G and is a maximal torus by Proposition 9.1. The Mumford-Tate group is a subgroup of G which commutes with T , hence is contained in T . Hencex is a special point.
As in [18, §2.3] , we may use the above to associate an element γ 0 ∈ G(Q) to each isogeny class such that: i) For all l = p, γ 0 is G-conjugate to γ l in G(Q l ). ii) γ 0 is stably conjugate to γ p in G(Q p ) iii) γ 0 is elliptic in G(R). i.e. (γ 0 , (γ l ) l =p , δ) form a Kottwitz triple. Indeed using Theorem 9.4, we may assume that x lifts to a special pointx ∈ S K (G, X)(O K ) such that the action of T ⊂ Aut Q A x lifts to Aut Q Ax. Now γ lifts to an elementγ ∈ T (Q) ⊂ Aut Q Ax. If we letγ act on the Betti cohomology of Ax, thenγ fixes s α,B,x since it fixes s α,ét,x . We thus obtain an element γ 0 in G(Q) which is conjugate to (γ l ) l =p by theétale Betti comparison. Similarly γ 0 and γ p are conjugate over G(C) by the comparision isomorphisms between crystalline de Rham and Betti cohomology.
By the positivity of the Rosatti involution, T (R)/w h (R × ) is compact, and hence γ 0 is elliptic. The following version of Tate's theorem, as well as the structural result on the group I, can be deduced in the same way as [18, Cor. 2.3.2, 2.3.5]. 
